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 Abstract: A mechanism for generating shock waves associated with M-region 
     beams i  theoretically discussed applying to the speculation proposed in theprevious 
     paper  (Mori,  1970). In the one-dimensional treatment, hydromagnetic shock waves 
     are shown to be formed at the leading edge of an M-region beam as a consequence of the 
     ultimate growth of hydromagnetic compression waves. The position of the genera-
    tion of the shock waves i  determined not only by the spatial velocity distribution i  
     an M-region beam, but also by the ambient solar wind velocity,  Alfven  wave speed, 
     and the configuration f the interplanetary magnetic fields. The theoreticalresult 
     thus obtained supports he proposed speculation the cause of the sudden com-
     mencement of 27-day recurrent geomagnetic d sturbances. 
1. Introduction 
   A speculation on the agent for the sudden commencement of a 27-day recurrent 
geomagnetic disturbance was proposed in the preceding paper as the result of a 
morphological study (Mori,  1970). Eventually, when the magnetosphere is impinged 
by shock waves resulting from an ultimate growth of compression waves generated at 
the leading edge of an enhanced solar wind beam orginating from an M-region, a 
sudden commencement of a disturbance should be observed on the earth. 
   A possibility of generating shock waves in the leading edge of an M-region beam 
was suggested by Parker (1963, 1965) and Dessler and Fejer (1963). Subsequently, a
hypothesis was proposed by Razdan et al. (1965) that recurrent  SIP-SI- pair was a 
consequence of an oblique incidence on the magnetosphere of a pair of shocks at the 
leading edge of an  M-region beam. As for the sudden commencement of a 27-day 
recurrent geomagnetic disturbance, a better understanding of the mechanism for 
generating such shock waves in an enhanced beam of the solar wind is of fundamental 
importance. 
   The mean free path of a molecule,  3X  1017/N cm, adopted in the ordinary 
hydrodynamic descriptions is not acceptable in the discussion of behaviors of the 
expanding coronal gases. Because of the existence of the interplanetary magnetic 
field, however, the kinetic description of the solar wind can be properly reduced to the 
hydromagnetic description even in the absence of collisions (Chew et al., 1956; Volkov, 
 1965; Sagdeev,  1965). The kinematic viscosity of the solar wind as a hydromagnetic 
medium is estimated to be about  1020  cm2isec by Parker (1963) and Sonett (1965). In 
the solar wind flowing with a high speed, the effects of compressibility leading to the 
change of density have to be taken into consideration. Shock waves as a consequence
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of the ultimate growth of magneto-hydrodynamic compression waves in the in-
terplanetary space are possibly generated by the mechanism discussed by many authors 
in the ordinary hydrodynamics or in the magneto-hydrodynamics (Courant and 
Friedrichs, 1948; Landau and Lifshitz, 1959; Pai, 1962; Cole, 1959; Mitchner, 1959; 
Grad,  1959;  Kantrowitz and Petscheck,  1966; de Hoffman and Teller,  1950;  Helfer,  1953; 
Germain, 1960; Marshall, 1955; Fishman et  al., 1960; Sagdeev, 1962; Galeev and 
Karpman, 1963; Morton, 1964). In this paper, calculations are given for the position 
at which shock waves are generated and for the growth of shock waves in the in-
terplanetary medium under some simplifying assumptions. 
2. Fundamental Equations 
   According to the model for the M-region shown in Figure  1 (Figure 10 in the 
preceding paper), the enhanced beam originatng from the M-region moves behind 
the slower ambient solar plasma emitted earlier along the line AB as the M-region 
passes the point A, and overtaking should occur at a certain radial distance. Therefore, 
the observer in the fixed frame of reference such as the line AB may observe the 
increase in the velocity of the solar wind in a form approximated by  vat" (a>0), and 
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 Fig. 1. A schematic model for an M-region and the position of the generation f the shock waves. 
perhaps the decrease in a similar form in the course of time when the M-region is sweep-
ing the point A. If the flow is assumed to be parallel to the line AB, the problem may 
be considered by analogy with the motion of a piston accelerated from zero to a finite 
velocity in one-dimensional problem. 
   In this case, the following one-dimensional nonsteady magneto-hydrodynamic 
formulations are applicable, 
 P—pRpT,  (1a) 
              3  
 3ta3v             + vax+ pa x— 0 ,  (lb) 
     pp 
 3  v3 vaP              + 
pv+kteH  =0 ,  (1c)         at ax ax ax 
 aHaH"av       +v -+n 0  (ld) 
 at ax ax
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            ho3ho3PaH 
=0  , (le)  +  p  v+ itte vH 
         3t3xata 
where  Rp denotes the gas constant of the plasma,  ite magnetic permeability,  120 stagnation 
enthalpy, P the pressure, p the density, T the temperature, v the  x-component of the 
velocity v, and H the magnetic field. The above expressions are  justifiable under the 
 following  assumptions: 
   (1) Solar wind is ideal plasma. 
   (2) The flow of the plasma is parallel to the x-axis (line AB) and has the com-
       ponent of velocity v only. 
   (3) The magnetic field H is planer and perpendicular to the velocity field v. 
   (4) All quantities are given as the function of space coordinate x and time t only. 
   (5) Displacement current and electrostatic forces are absent. 
   Since equations  (lb) and (Id) are identical in form, we may write 
          H =p =0P , (2) 
                                     Po 
where  i3 is an arbitrary constant determined by the initial condition and subscript 0 
refers to the values at the stagnation point. 
   From equations  (la),  (1c), and (le), we have 
           aa,)inP =0 (3)  ( t                                 ax/p'Y 
             1  a  or t+v:x)S=0. (4) 
Thus, the entropy is constant along any line of flow. One of the particular solutions of 
equation (4) is  S  =constant throughout the whole flow field, i.e., isentropic flow. 
However, in general, ashock wave may occur and the entropy might change in the flow 
field. 
   In order to find such an exact solution of equation (3) that the flow is isentropic 
 (S  —constant), the equations to be solved are reduced to 
 at3 va              + p ax+Vap0 , (5)     px 
and 
               p^ at( avv3 x3v)+c2 axp-0, (6) 
where c is the effective sound speed and is defined by 
                    it,H2 P fi2         02y RT  cts2 (p) +(7) 
 Pe 
   The solution of the equations (5) and (6) may be obtained by use of the well-known
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method of characteristics (Courant and Friedrichs,  1948). The result shows that the 
velocity of disturbances can be expressed as 
 d  x 
             v(P)c (P)(8)                        d t 
or by integration, 
 x  [v  .(p)  c  (p)] t  +  f  (v)  , (9) 
where f(v) is an arbitrary function of velocity, and the relation between the velocity 
and the density in the waves can be written as 
               V  (19)  — V  (Po)  C(P)dp . (10) 
                                                            p„ 
Formulas (9) and (10) give the required general solution of the system of equations (5) 
and (6). This solution shows that for any given value of v, we have  x  —at+ b, i.e., the 
point where the velocity has a given value moves at constant velocity. In this sense, 
the solution obtained is a simple wave. In general case of a simple wave with arbitrary 
amplitude, there is no definite constant wave velocity. This inequality of the 
velocity at different points in the wave profile causes the change of its shape in the 
course of time, and the profile may finally become such that the function p (x) (for 
given t) is no longer one-valued. Although the wave is no longer of a simple one when 
a discontinuity has been formed, the time and the place of formation of the disconti-
nuity can be determined analytically by the following simultaneous equations, 
                     ( 3 x0,32x                = 0 . (11) 
             a vaV2 
   In the following section,the problem will be considered for the case of the 
interplanetary space, when an enhanced M-region beam increases the velocity with time 
in such a way that v—at" (a>0). 
3. The Position of Generation and the Growth Rate of Shock Waves 
   Because the expanding coronal gases may be considered as polytropic gases, the 
sound speed in it is defined as as(p)----i/ A a  P('-1"2. In Fig. 2, the sound speed,  the  Alfven 
wave speed, and the modified sound speed in the interplanetary space are shown as the 
function of the radial distance from the sun. The results indicate that the modified 
sound speed appearing in (10) may be approximately represented by the  Alfven wave 
speed. Hence, the relation (8) can be written as 
 d  x   
 d t3 
                 —b (Po) +—2ty (p)—V (Po)} +(Po)'(12) 
or by integration, 
          x [± b  (Po) +  f  v (p) v  (A)} v  (Po)  t f  (v)  , (13)
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 Fig. 2. Calculated sound speed,  Alfven wave speed, and modified sound speed versus radial 
     distance from the sun. 
where v  (po) and b  (po) denote the solar wind velocity and the  Alfven wave speed at the 
stagnation point, respectively. 
   At the surface of the piston, the gases and the piston must have the same  velocity,. 
 v.—at" for x=fatndt  (x>0). Substitution of this relation into(13) leads to 
                                                 _ 
            n + 1._                                    tn+1=b (Po)+ar1t +  f  (v)  . (14)                                      -2-j 
In the above expression, the coordinates moving at velocity v  (po) in the x-direction  are-
employed, and only the waves propagating to the positive x-direction are taken into-
account. It follows that the function f (v) is given by 
               (v)  - 
a f 
                          T" +1 — [b (Po) +-2"V (p) 1T, (15) 
                    + 1 
where 
 T  =  (v/a)lin . (16) 
Therefore, we have 
     - - a
1 
 x  =
`b  (Po) +-2-a7.3-(t T)+    Tti,+1 . (17)                                       n+ 
   Based on the equations (11), (16), and (17), the time  t5 and the place  x0 of the 
generation of the shock waves in the coordinate system moving at velocity  v(po) can 
be determined by the following equations; 
                       1 1.             (:xT)—_ —b (po) 4-.2.3a ift, t T.„-—_2.aT(3 n + 1) _____ 0,(18a) 
 I
           (°2x 3an(n—1)tTs-2—I anTn--1(3n+  1)=0 . (18b)                                                                             -- 
   This system of equations leads to the following results;
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(1) when  0<n<1 
 te  =  0  ,  =  0  . (19) 
(2) when n=1 
 2  b  (p0)2 [b (poll2  t
c Xc• (20)  3  3 
(3) when  n>1 
                lin(n-1)In 
     t1 {  2  b  (Po)1( 3 + 1        c 3 
 a n  —  1 
            2b (p9) )1/11( 2 n—1  1    x,—2 b (po)((21)                   a31 ) (n — 1)0-1)/"•(3n + 1)1in 
   Such shock waves generated at the front of the compression waves may be 
interacted by the following compression waves produced by an accelerated piston. In 
this interaction, it is considered that the shock waves are modified by the following 
compression waves, while the compression waves are not affected by the shock waves. 
This is approximately correct so far as the weak and moderate shock strength is 
concerned. In this case, it is reasonably considered that there are constant entropy 
and constant Rieman invariant in the compression waves. The discontinuity of entropy 
in a weak shock wave is of the third order of smallness relative to the discontinuity of 
pressure. 
   The shock wave velocity U defined as the velocity of the discontinuity and the 
growth of the shock strength, u, in such a special case that the piston is accelerated 
according to v=at (a>0), are calculated approximately by considering the first and 
second order terms in the powers of the small differences (v—v0) in the form, 
                      9  2         U = b  (Po) + —3 v  (22)                        4
32 b  (Po) 
and 
                  9          u
16a (t  t0) +   (23) 
 where..  •  • indicates of the third order of smallness. 
4. Numerical Results 
   In estimating the position at which the shock waves are generated in the inter-
planetary space by the mechanism advocated in the previous section, it is necessary to 
know the solar wind velocity, the strengh of the interplanetary magnetic field, and the 
spatial velocity distribution of the enhanced coronal gases emitted from an M-region. 
Such quantities are discussed in the following. 
   (a) Solar  wind  velocity: Direct measurement of the solar wind velocity by
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satellites indicates that the thermal conduction model of the solar wind proposed by 
Parker (1965) can explain the observational results. According to his model, the solar 
wind velocity can be calculated as the function of the radial distance from the sun by 
using the following approximate quation, 
         V(7)co87( 17W)2/72                                 Wro  — 16 ( °)2  , (24)         L77H7Cor- 
where  C0—(2  To1M) denotes the thermal velocity at the base of the solar atmosphere, 
 r=ro, and  W---(G  MoIro) is the characteristic escape velocity. The numerical result 
calculated from the above equation is shown in Figure 3. 
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  Fig. 3. Coronal expansion velocity versus radial distance from the sun, on the basis of the 
     thermal conduction  model. 
  (b)  Interplanetary magnetic  ,field: The interplanetary magnetic fields are considered 
to be consisted of the extension of the general solar magnetic fields into the space, and 
the strength of the magnetic fields in the solar atmosphere varies in a wide range from 
about —2 to +2 gauss and falling off approximately as  1  Ir2 in the interplanetary space. 
The values of 1 and 2 gauss are adopted for the average strength of the fields in this 
calculation. 
 (c) Spatial velocity distribution of the enhanced coronal gases in an  M-region: No 
information is available on this problem. Therefore, a simple model is assumed that 
the velocity of the enhanced coronal gases increases linearly towards the center of an 
M-region as shown in Figure 4. Eventually, the velocity of the enhanced coronal gases 
at the characteristic level Yg increases linearly from  V, at the leading edge of the 
 M-region to the maximum velocity  V,,, the M-region center locating at 30° fromthe 
leading edge. The figure shows the cases in which  V„,„-V0=20, 40, 60, 80, 100, 120, 
140, 160, and 180  km/sec. 
   Based on this simple model for the velocity distribution in an M-region, the 
apparent acceleration a, and the overtaking time of the enhanced coronal gases having 
the maximum velocity can be easily calculated, taking into consideration the rotation 
of the sun. The result is also expressed in Figure 4.
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 Fig. 4. A model for the spatial velocity distribution at the characteristic level  vg in an M-region. 
     The apparent acceleration and the overtaking time of the maximum velocity are expressed. 
   By use of these numerical values and the equation (20), the position where the 
shock waves are generated in the interplanetary space is calculated as the function of 
acceleration a. The result is shown in Figure 5, in which the solid lines are calculated 
by adopting 1 gauss for the strength of the general solar magnetic field, and the broken 
lines are calculated by using 2 gauss. In the same manner, the growth of the shock 
waves can be easily calculated from equation (23) in the limit of weak shock. For 
 example, Figure  6 shows the result in the case in which  a=0.44  m/sec2,  Vo-200  km/sec, 
and the general solar magnetic field is  1 gauss. 
   The result indicates that the position of the generation of the shock waves 
approaches to the sun and their growth increases, as the apparent acceleration a
increases. On the other hand, if the ambient solar wind velocity and the strength of the 
general solar magnetic fields are increased, the position approaches to the earth and 
the growth is decreased. These characteristics are consistent with the result obtained 
in the morphological study described in the preceding paper. 
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5. Discussion and Conclusion 
   This paper discusses a mechanism for generating the hydromagnetic shock waves 
associated with the sudden commencements of a 27-day recurrent geomagnetic 
disturbance under some simplifying assumptions on the behaviors of the interplaneta-
ry medium. 
   A conclusion is reached that the shock waves are generated in an enhanced 
M-region beam within 130 solar radii from the sun as a consequence of the ultimate 
growth of the hydromagnetic ompression waves. The Mach number may become 
larger than 2 at the orbit of the earth, provided the apparent acceleration exceeds 
0.44  m/sec2 and the ambient solar wind velocity is 200  km/sec. The position of the 
generation of the shock waves approaches to the sun and the growth of the shock waves 
are increased, as the apparent acceleration increases. On the contrary, the increase 
in the ambient solar wind velocity and the intensification of the general solar magnetic 
fields lead to the increase in the distance from the sun to this position and the decrease 
in the growth rate. 
   In the calculation, the interplanetary magnetic fields are assumed to be planer and 
perpendicular to the flow field. However, actual magnetic  fields are neither planer nor 
perpendicular to the flow field. The calculated configuration of the interplanetary 
magnetic field based on the equation proposed by Parker (1958) is shown in Figure 7. 
In this figure, abscissa indicates the radial distance from the sun, the vertical line 
corresponding to  cb-0° the sun-earth line, a quarter of a circle the orbit of the earth, 
and dotted lines the configurations of the interplanetary magnetic field corresponding 
to the coronal temperatue  T, ranging from  1  x  106°K to  l  x  10"K, respectively. This 
configuration of the interplanetary magnetic fields modifies the results as  follows; the 
compressibility is not constant  hroughout he flow field but gradually increased as the 
distance from the sun increases. These characteristics are followed by a tendency that 
the shock waves can not be generated near the sun and the position of the generation of
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 Fig. 7. Configuration of the general interplanetary magnetic field as a parameter of the 
     temperature at the base of the corona. 
the shock waves lies beyond the point estimated in this calculation, because the collision-
less shock waves may be generated by the effect of the perpendicular component of the 
magnetic fields in the limit of the hydromagnetic treatment. Therefore, the two-
dimensional treatment is required for the actual problem which will be attacked in the 
 near future. Although the simplifying assumptions are made, the properties obtained 
in this paper agree fairly well with the result obtained in the previous paper from the 
morphological study. Therefore, it may be concluded that one of the possible 
explanations on the agent for the sudden commencement of a 27-day recurrent 
geomagnetic disturbance is provided by the hydromagnetic shock waves generated 
at the leading edge of an  Id-region beam as a consequence of the ultimate growth of 
the hydromagnetic compression waves. 
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